Motivated by the desire to understand the performance of service-oriented call centers, which often provide low-to-moderate quality of service, this paper investigates the efficiency-driven (ED) limiting regime for many-server queues with abandonments. The starting point is the realization that, in the presence of substantial customer abandonment, call-center servicelevel agreements (SLA's) can be met in the ED regime, where the arrival rate exceeds the maximum possible service rate. Mathematically, the ED regime is defined by letting the arrival rate and the number of servers increase together so that the probability of abandonment approaches a positive limit. To obtain the ED regime, it suffices to let the arrival rate and the number of servers increase with the traffic intensity ρ held fixed with ρ > 1 (so that the arrival rate exceeds the maximum possible service rate). Even though the probability of delay necessarily approaches 1 in the ED regime, the ED regime can be realistic because, due to the abandonments, the delays need not be excessively large. 
Introduction
Recently there has been great interest in multiserver queues with a large number of servers, largely motivated by applications to telephone call centers; see Mandelbaum (2001) and Gans, Koole and Mandelbaum (2002) . For the basic M/M/s/∞ model with Poisson arrival process, independent and identically distributed (IID) exponential service times, s servers and unlimited waiting space, and generalizations with more general arrival and service processes, useful insight can be gained by considering many-server heavy-traffic limits in which the number s of servers increases along with the arrival rate λ (with the individual service rate µ held fixed) so that the traffic intensity ρ ≡ λ/sµ increases too, with
tions for all the standard performance measures in the M/GI/s/r + GI model with large s, in which the service times and abandon times come from independent sequences of IID random variables with general distributions. While studying how the approximations perform compared to simulations, we saw that it is often reasonable to have the arrival rate exceed the maximum possible service rate when there are many servers and significant abandonment.
A specific example has 100 agents (servers) handling calls with mean holding (service) time and mean abandon time both equal to 5 minutes. The SLA might stipulate that at most 5% of the customers should abandon and that 80% of the calls that eventually are served should be answered within 30 seconds. The M/M/s + M model indicates that the 100 agents can handle an arrival rate of 20.4 calls per minute, yielding a traffic intensity of ρ = 1.02 > 1. With that arrival rate, the SLA is just met: 5% of the arrivals abandon and 80% of the answered calls are answered within 30 seconds. Some call centers provide even lower quality of service; then we may encounter even higher traffic intensities.
Those experiences do not rule out the QED limiting regime, but they suggest that an alternative limiting regime might also be worth considering. Thus, in this paper we investigate the many-server heavy-traffic regime in which the steady-state probability of abandonments approaches a limit strictly between 0 and 1. As shown by Garnett, Mandelbaum and Reiman (2002) , such a limit occurs for the M/M/s + M model when ρ approaches a limit strictly greater than 1 as λ → ∞ and s → ∞. More simply, it suffices to keep ρ fixed with ρ > 1 as λ → ∞ and s → ∞. Following Garnett, Mandelbaum and Reiman (2002) , we call this the
efficiency-driven (ED) limiting regime.
Without a finite waiting room or customer abandonment, the ED regime does not even arise.
Then it is simply an overloaded regime, because the queue length explodes as time evolves. The overloaded regime is interesting primarily to describe transient behavior. However, even a small amount of abandonment can keep the system stable when the arrival rate exceeds the maximum possible serve rate. Even though the steady-state probability of delay then approaches 1, this alternative ED heavy-traffic limit can be realistic because the delays experienced need not be excessively large. We believe that the ED regime does describe the operation of many existing call centers remarkably well, especially when a great emphasis is placed on efficiency. An emphasis on efficiency is more common among call centers that are service-oriented instead of revenue-generating.
Even though in this paper we focus on a regime supporting low-to-moderate quality of service, we do not advocate providing low-to-moderate quality of service in call centers. In-deed, as suggested in Whitt (1999) , it may be possible to provide spectacular quality of service without requiring a commitment of excessive resources, with good planning and good execution. However, in order to improve the quality of service, it is important to understand the performance of existing call centers. We contend that the ED limiting regime can be helpful to understand the performance of existing call centers providing low-to-moderate quality of service.
In this paper we establish limits in this ED heavy-traffic regime and develop approximations based on those limits. We only consider Markovian birth-and-death models. For the Markovian models considered here, the limits are not difficult to obtain; indeed they can be established by the same arguments used in the seminal heavy-traffic paper on multiserver queues by Iglehart (1965) . The main contribution here, we believe, is communicating that this efficiency-driven many-server heavy-traffic limiting regime is indeed worth serious attention. When this ED regime is present, the heavy-traffic limit is very helpful because it generates remarkably simple approximations, e.g., see (3.1)-(3.5). In particular, the ED approximations are simple even in comparison to the QED approximations. The ED approximations can be useful even if they are less accurate than the QED approximations.
Here is how the rest of this paper is organized. We begin in Section 2 by establishing the stochastic-process limit for the number in system in the M/M/s/r+M model in the ED regime.
We also establish a deterministic fluid limit and a limit for the steady-state distributions in the ED regime. In Section 3 we develop heuristic approximations for steady-state performance measures based on the limits.
Interestingly, the approximation for the steady-state queue length in the ED regime (see (3.4) and (3.6)) depends on the number of servers, s, and the individual abandonment rate, α, only through the ratio s/α. It is thus natural to wonder if we can obtain a related limit as α ↓ 0 and, indeed, such a limit was established by Ward and Glynn (2003) 
(assuming fixed s).
In Section 4 we show that the same ED limit holds more generally when ρ is held fixed with ρ > 1 and s/α → ∞, because either the individual abandonment rate α becomes small or the number s of servers becomes large, or both. The main approximation developed by Ward and Glynn (2003) for fixed s stems from a double limit in which ρ → 1 and α ↓ 0, so that 2) in the spirit of (1.1), which defines the QED limiting regime. When α ↓ 0, we also emphasize the value of the alternative ED regime in which ρ is fixed with ρ > 1.
In Section 5 we compare the ED approximations to exact numerical solutions for the M/M/s/r + M model, which we obtain using the algorithm in Whitt (2003 Motivated by Whitt (2003) , in Section 6 we establish a stochastic-process limit for the queue-length stochastic process in M (n)/M (n)/s/r + M (n) models in the ED regime. The
Markovian M (n)/M/s/r + M (n) model has state-dependent arrival rates, service rates and abandonment rates (denoted by the M (n)). We are interested in the M (n)/M (n)/s/r + M (n) The paper ends in Section 7 with our conclusions. We conclude this introduction by mentioning a companion paper, Whitt (2004) , in which we develop deterministic fluid approximations for the general G/GI/s/r + GI model in the ED many-server heavy-traffic regime.
Unlike here, the emphasis there is on trying to account for the impact upon performance of a non-exponential service-time distribution and a non-exponential abandon-time distribution.
For additional discussion about customer abandonment in queues, see Brandt (1999, 2002) , Zohar, Mandelbaum and Shimkin (2002) , Ward and Glynn (2003), Mandelbaum and Zeltyn (2003) and references therein.
Limits for the Erlang A Model in the ED Regime
In this section we establish ED many-server heavy-traffic limits for the M/M/s + M model, also known as the Erlang A model. We actually treat the M/M/s/r + M model, allowing finite waiting room r as well as infinite waiting room (r ≤ ∞). When r < ∞, we make r be sufficiently large that it is not a factor. Arrivals finding all servers busy and all waiting spaces full are blocked and lost, without affecting future arrivals. Entering customers are served in order of arrival by the first available server, but waiting customers may elect to abandon before they start service.
We choose measuring units for time so that the individual mean service time is 1/µ = 1.
The model is thus characterized by four parameters: (1) the arrival rate, λ, (2) the number of Let N s (t) be the number of customers in the system at time t when there are s servers.
The ED regime is relatively tractable because, in the ED regime, N s (t) tends to concentrate about a fixed value; i.e., for large s we will show that
where
Heuristically, we obtain (2.3) by finding the point where the input rate equals the output rate.
Clearly that can occur only with all servers busy. Before scaling by dividing by s, we have the
after dividing by s and letting s → ∞, we obtain the equation
The solution to these equations is x = q for q in (2.4).
The diffusion approximation is a refinement of the deterministic approximation in (2.3).
To establish convergence to a diffusion process, we form the normalized stochastic process
for q in (2.4). Let the initial state N s (0) be specified independently, so that the stochastic process {N s (t) : t ≥ 0} is Markov. To establish a stochastic-process limit for the processes 
and infinitesimal variance
which has steady-state distribution
Proof. Since N s is a birth-and-death process and the limiting OU diffusion process has no boundaries, we can apply the weak convergence theory in Stone (1963) , just as Iglehart (1965) did in his seminal paper. Given Stone (1963) , with the scaling in (2.7) it suffices to show that the infinitesimal means and variances converge to the infinitesimal means and variance of the limit process. The infinitesimal means are
The infinitesimal variances are
It is well known that the OU diffusion has a normal steady-state distribution with variance equal to the infinitesimal variance divided by twice the state-dependent drift rate; e.g., see p.
218 of Karlin and Taylor (1981) .
The stochastic-process limit in Theorem 2.1 is often called a functional central limit theorem (FCLT); e.g., see Whitt (2002a 
for q in (2.4).
Proof. When we divide the scaled process in (2.7) by √ s and let s → ∞, we obtain convergence in probability to the zero function, by an application of a version of the continuous mapping theorem -Theorem 3.4.4 in Whitt (2002a) -implying the result.
It is also possible to establish a more general deterministic fluid approximation by just changing the initial conditions in Corollary 2.1. When we scale by dividing by s throughout,
we obtain an ordinary differential equation (ODE) for the limit, which is useful for describing the transient behavior of the Erlang A model. 
where n is a degenerate Ornstein-Uhlenbeck (OU) diffusion process with infinitesimal mean
i.e., n is the ODEṅ
with initial value n(0).
Proof. The proof is essentially the same as for Theorem 2.1. Now we need to calculate the infinitesimal means and variances when we scale by dividing by s instead of √ s. Now the infinitesimal means are
It is well known that the degenerate OU diffusion (with 0 infinitesimal variance) is the ODE in (2.18). Here are the performance measures we consider: N s (∞), the steady-state number of customers in the system; Q s (∞), the steady-state number of customers waiting in queue; W s (∞), the steady-state waiting time (before beginning service) of a typical customer (which has the same distribution as the virtual waiting time of an arrival at an arbitrary time, because of the Poisson arrival process); and P s (ab), the steady-state abandonment probability. Let S s denote the event that a customer eventually is served; necessarily P (S s = 0) = 1−P (S s = 1) = P s (ab).
Let (W s (∞)|S s ) denote a random variable with the conditional distribution of the waiting time
given that the customer eventually will be served, i.e., P ((
For the Erlang A model it is well known that these steady-state quantities are well defined.
Theorem 2.3. (ED heavy-traffic limit for steady-state quantities in the Erlang A model)
Consider the sequence of M/M/s/r + M models specified above, satisfying (2.1) -(2.2). Then,
where w is the deterministic quantity
and W is the random variable with
for w in (2.27), which has expected value Since the arrival rate is asymptotically λ after dividing by s, the abandonment rate necessarily is asymptotically λ − 1 and
We now turn to the waiting-time results. The waiting time for a customer that eventually will be served (W − s(∞)|S s ) is the first passage time to the zero state, starting with Q s (∞)
customers, if we turn off the arrival process right after that arrival. With the arrival process turned off, s −1 Q s (t) ⇒ q(t) by the law of large numbers, where the limit q(t) satisfies the ODĖ
with initial condition q(0) = q. Asymptotically as s → ∞, at time t the scaled queue-length process is being depleted by service completions at rate 1 and by abandonments at rate αq(t).
Arguing more carefully, for any > 0, the scaled number of departures in the interval (t, t + ),
given Q s (t), where
Hence we indeed have (2.30). Next, it is easy to see that the unique solution to the ODE in (2.30) is
Thus the waiting time of a customer that will eventually be served approaches the value w such that q(w) = 0. Solving q(w) = 0, we get 32) as given in (2.27). Given that served customers wait exactly w in the limit as s → ∞, we immediately obtain (2.26) and (2.28).
We observe that (2.29) is consistent with two exact relations for the 33) even without the M/M/s+M assumptions; e.g., see Whitt (1991) . Second, for the M/M/s+M model we have
Combining (2.33) and (2.34), we obtain
Thus, when we know any one of these three important performance measures, we know all three. Formula (2.29) shows that the relations remain valid in the limit.
ED Approximations
The main ED approximations for the M/M/s/r + M model are the three simple approximations that follow directly from (2.23)-(2.27):
Combining the first approximation in (3.1) with the exact relation in (2.34), we obtain the approximation
We also obtain essentially the same approximation for E[W s (∞|S s ], based on an approximation for w,
For approximation (3.3), we use the approximation log(1 − x) ≈ −x for small x, which is asymptotically correct (the ratio approaches 1) as x ↓ 0.
From (2.22) we also obtain a normal approximation for the entire steady-state queue-length distribution, in particular,
An important consequence is an approximation for the variance:
It is important to recognize, however, that only the first simple approximation for the abandonment probability P s (ab) is generally valid beyond the Markovian M/M/s/r+M model.
In particular, the approximations for the mean steady-state queue length and waiting time depend critically upon the model assumptions. These M/M/s/r + M ED approximations can be very useful more generally, however, as rough approximations and to test whether an
We next discuss refined heuristic approximations that do not follow directly from Theorem 2.3. A simple refinement to (3.4) is
where x + ≡ max{0, x}. Let Φ and φ be the cumulative distribution function (cdf) and probability density function (pdf) of a standard normal random variable, respectively, i.e.,
Let Φ c be the associated complementary cdf (ccdf), defined by Φ c (x) ≡ 1 − Φ(x). We then obtain the associated approximations:
The conditional normal moments in the last display are standard; e.g., see Proposition 18.3
of Browne and Whitt (1995 obtain refined approximations for all three. Thus we obtain the refined approximation for the abandonment probability We now consider refined approximations for P (W s (∞) ≤ x|S s ), the cdf of the conditional steady-state waiting time until beginning service, given that the customer is served. Since the waiting time tends to be the sum of a relatively large number of service times, we apply an approximation based on the law of large numbers together with the fluid approximation in (2.27), saying that
and 0 otherwise. However,
Thus, we obtain the approximation
for v in (3.11).
Slow Abandonments in the ED Regime: The Limit as (s/α) → ∞
From equations (3.4) and (3.6), we see that the normal approximations for the steady-state queue length Q s (∞) depend on the parameters s and α only through the ratio s/α. Thus it is natural to consider limits in which we let α ↓ 0 instead of s ↑ ∞, and indeed that has already been done by Ward and Glynn (2002) . However, they did not emphasize the overloaded regime,
where ρ is fixed with ρ > 1.
We go further here by establishing limits as s/α → ∞, allowing either s ↑ ∞ or α ↓ 0, or both. For the special case in which only α ↓ 0, we recover the result by Ward and Glynn (2002) ; for the special case in which only s ↑ ∞, we recover Theorem 2.1.
We start by defining scaled processes, indexed by both s and α, 
where Y is an OU diffusion process with infinitesimal mean
Proof. Just as in Theorem 2.1, we can apply Stone (1963) . Here, the infinitesimal means
From Theorem 4.1, we obtain the same approximation for the steady-state queue length Q s (∞) as before, i.e., as in (3.4) and (3.6).
Numerical Comparisons
In this section we evaluate the ED approximations in Section 3, based on the limits in Sections 2 and 4, by comparing them to exact numerical results for the Erlang A model, using the algorithm described in Whitt (2003 In Table 1 we display two different approximations: first, the simple approximation and, second, a refined approximation. The simple approximations are given in (3.1) and (3.5).
The refined approximation for the mean queue length is obtained by combining (3.8) and (3.9). The refined approximation for the standard deviation of the queue length is obtained by combining (3.8)-(3.10). The refined approximation for the probability of abandonment, P s (ab), is obtained from (3.12), using the refined approximation for the mean queue length.
From Table 1 , we see that, as expected, the quality of the results improve as the ratio s/α increases and the abandonment rate λ − 1 increases. (Consistent with intuition, that tends to be true more generally.) As should be expected, the approximations are very accurate when s/α = 1, 000 and λ − 1 = 0.10, but the approximations are crude when s/α = 100 and λ − 1 = 0.02. In the first case, the simple predicted mean steady-state queue length is 100, while in the second case the simple predicted mean steady-state queue length is only 2.0. Except in the best case with s/α = 1, 000 and λ − 1 = 0.10, the refinements are much better than the simple approximations. Nevertheless, we feel the simple approximations are especially useful for making very quick rough estimates. The difference between the refined approximation and the simple approximation gives a good idea of the accuracy of the simple approximation.
The weakest approximation in In summary, we regard the numerical results in Table 1 as strong evidence that the approximations can be very useful.
In order to evaluate call-center performance, there is great interest in service level. It is standard to require that x% of all calls be answered within y seconds, for values such as x = 80% and y = 30 seconds. Thus we are especially interested in having an approximation for the conditional cdf P (W s (∞) ≤ x|S s ) for appropriate values of x. Since the mean waiting time can be roughly approximated by (3.2), it is natural to look at arguments of the form x = θP (ab)/α for various values of θ, centered around 1.
We thus examine how the approximation for P (W s (∞) ≤ x|S s ) in (3.15) performs as a function of θ for arguments of the form x = θP (ab)/α in Table 2 . Here we vary both s and θ, keeping the quantities s/α and λ − 1 fixed. We consider the same four cases of s/α and λ − 1 as in Table 1 . We make comparisons with exact results for all powers of 10 ranging from s = 1 to s = 100, 000.
The approximation for the waiting-time cdf in Table 2 is not as accurate as the approximations in Table 1 . The approximations are pretty good for higher values of θ, e.g., for θ ≥ 1, but not for very small values, especially when the argument is very small, e.g., when θ = 0. It is significant that the conditional-waiting-time-cdf approximation does work quite well for the higher arguments needed to determine staffing in order to meet SLA's. 
A Markovian Model with State-Dependent Abandonment
In this section we extend Section 2 by establishing a stochastic-process limit for the number in system in the M (n)/M (n)/s/r + M (n) model with Markovian state-dependent arrival rates, service rates and abandonment rates. For previous work on queues with state-dependent rates, see Brandt (1999, 2002) , Mandelbaum and Pats (1995) and references therein.
As before, we consider a sequence of models indexed by the number of servers, s, and let s → ∞. However, now the arrival rate λ s , total service rate µ s and total abandonment rate δ s are functions of the number of customers in the system for each s. We now allow abandonments by customers in service. We make the following regularity assumption: We assume that there are continuous functionsλ,μ andδ such that
As before, considering ED regimes, we expect the number in system with s servers to concentrate around a level above s where the arrival rate equals the sum of the service rate and the abandonment rate. Thus we look for solutions x > 1 to the equation
(Essentially the same approach applies when x ≤ 1.)
We are motivated to consider the more general M (n)/M (n)/s/r + M (n) model because the M/M/s/r + M (n) special case was proposed as an approximation for the M/GI/s/r + GI model in Whitt (2003) . The Markovian M/M/s/r + M (n) model is much more tractable than the M/GI/s/r + GI model because, in the Markovian model, the number of customers in the system over time is a birth-and-death process. In Whitt (2003) , further approximations are proposed to describe the experience of individual customers, starting with a more careful analysis of which customers abandon when an abandonment occurs. For that special case, we choose δ s to approximate the behavior of the M/GI/s/r + GI model with IID abandon times having abandon-time cdf F . We assume that the cdf F has a probability density function f and work with the hazard-rate function
In particular, the key approximation in Whitt (2003) is an approximation for the abandonment rate of a customer who is j th from the end of a queue (necessarily of length at least j):
We get approximation (6.4) by first recognizing that, in the actual M/GI/s/r + GI model, any customer's abandonment rate would be exactly h(t) if he had been waiting for time t. The problem is that we do not know t, so we must estimate it. Given that customers arrive at rate λ s , the expected time between successive arrivals is 1/λ s . Thus, as an approximation, we estimate that a customer who is j th from the end of the queue has been waiting for time j/λ s .
That gives us approximation (6.4).
The associated approximation for the total abandonment rate when there are k customers in the system is then Then the approximate total abandonment when there are k customers in the system would be
and δ s (k) = 0 for k ≤ s.
The special case considered here starts with (6.7). As in previous sections, we assume that
service rate when there are k customers in the system.) As a consequence, the special case in (6.7) satisfies (6.1). Indeed, δ s (xs) = sδ(x) for all x > 0 and s > 0, wherê
andδ(x) = 0 for x ≤ 0.
Our goal here related to Whitt (2003) is to establish a heavy-traffic stochastic-process limit As in Section 2, we focus on the number in system at time t, N s (t), and work with the scaled process N s defined in (2.7). As in Section 2, let the initial state N s (0) be specified independently, so that the stochastic process {N s (t) : t ≥ 0} is Markov.
Theorem 6.1. (stochastic-process limit for the state-dependent model in the ED regime)
Consider the sequence of M (n)/M (n)/s/r + M (n) models specified above, satisfying (6.1). (6.10) where N is a diffusion process with infinitesimal mean 
Suppose that
where F c ≡ 1 − F is the abandon-time ccdf and the drift rate is (6.16) where h is the failure-rate function associated with the abandon-time cdf F in (6.3).
Proof. The proof is a modification of the proof of Theorem 2.1. Again N s is a birth-anddeath process and the limit process has no boundaries, so we can apply Stone (1963) . Given that result, it suffices to show that the infinitesimal means and variances converge. Let o (1) be a quantity that converges to 0 as s → ∞. We exploit conditions (6.1) and (6.2) and apply
Taylor's theorem to represent the functionsλ,μ andδ in the neighborhood of the point 1 + q.
For the infinitesimal means,
for ζ in (6.12).
For the infinitesimal variances,
As before, the OU diffusion has a normal steady-state distribution with variance equal to the infinitesimal variance divided by twice the state-dependent drift rate. F c (x) = e −αx and the failure-rate function is h(t) = α for all t. Equation (6.2) thus becomes (6.15) with F c (x) = e −αx , which implies that 18) just as in Theorem 2.1. Since h(t) = α for all t, the state-dependent drift iŝ (6.20) where
The quantity w F is the time spent in system by served fluid, analogous to w in (2.27).
Comparing equations (6.20) and (6.21) to equation (6.15), we see that in general q M need not coincide with q F . To make further connections, we first change notation, writing 
Combining equations (6.15) and (6.23), we obtain the equation We then have the bounds 
Conclusions
This paper establishes ED many-server heavy-traffic limits for Markovian queues with customer abandonments. Many-server limiting regimes involve a sequence of queueing systems indexed by the number of servers, s, in which both s and the arrival rate λ s are allowed to increase without bound, while the service-time distribution is held fixed. Within the context of the many-server heavy-traffic limiting regimes for queues with abandonments, the ED regime can be characterized in two equivalent ways: (i) Assume in addition that the probability of abandonment, P s (ab) converges to a limit strictly between 0 and 1, or (ii) Assume in addition that the traffic intensity ρ remains fixed with ρ > 1.
We conclude that the ED many-server heavy-traffic approximations can be very useful to Tables 1 and 2 show that the approximations are quite accurate. Compared to QED approximations, the great appeal of the ED approximations is not their accuracy but their simplicity. They permit back-of-the-envelope calculations. They can greatly help understand the performance of call centers providing lowto-moderate quality of service.
Both the theory (Theorem 4.1) and the numerical comparisons (Table 1) show that key parameters, determining both (i) the performance of the M/M/s/r + M model in the ED regime and (ii) the accuracy of the ED approximations, are the ratio s/α and the scaled abandonment rate (λ s − s)/s = λ − 1. Indeed, in Section 4 we show that the ED many-server heavy-traffic limit holds when s/α → ∞, which can occur if either α ↓ 0 or s ↑ ∞, or both.
In the final section, Section 6, we extend the ED many-server heavy-traffic limit to M (n)/M (n)/s/r + M (n) models, which have state dependent arrival rates, service rates and 
